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Abstract
I calculate the quantum states for He atom in the potential of an external
groove of the single wall carbon nanotube bundle. The calculated ground state
energy is found to be in fair agreement with the experimental estimate which
suggests that the outer groove site is a preferential site for the adsorption of
He gas in the samples studied experimentally. I also calculate the specific
heat of low-density 4He atom gas adsorbed in groove positions. The specific
geometry of the groove and its influence on the adsorbate quantum states and
specific heat are discussed.
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1. INTRODUCTION
Recent thermal desorption1–3 and specific heat4,5 experiments on nanotube samples have
detected 4He atoms adsorbed in these samples. These experiments have attracted attention
due to the potential application of the carbon nanotube materials for an efficient storage
of gases6–8. In this respect, it is important to know the details of the adsorption process
and the preferential adsorption sites. It is still not clear whether He atoms adsorb in the
interstitial channels between the close-packed nanotubes within a bundle or in the external
groove positions of the bundle6,8 (see Fig.1). For open-end tubes, He atoms could also
adsorb within the tubes9. The thermal desorption experiments reported in Ref. 1 were first
successfully interpreted by assuming that He atoms occupy the interstitial channels1, while
later reevaluation of the experimental data2 led authors of Ref. 3 to put forth the proposition
that He atoms adsorb in the external grooves of the nanotube bundle. Measurements of
adsorption isotherms for heavier gases (Xe, CH4 and Ne)
10 yielded that these gases do not
adsorb in the interstitial channels but probably in the external grooves. By comparing their
results for heavier gases with with the data for 4He1,2, the authors of Ref. 10 concluded that
4He atoms most probably adsorb also in the external groove positions. The experimentally
determined2 ground state energy of 4He (-19.8 ± 1.5 meV)11 is significantly higher than the
ground state energy calculated for 4He atom adsorbed in the nanotube interstitial channel
(-27.8 meV in Ref. 12, -29.1 meV in Ref. 7 and -33.3 meV in Ref. 8). This indeed suggests
that He atoms may be adsorbed in the external groove positions. The theoretical estimate
for the ground state energy of 4He atoms adsorbed in the external groove8 is -23.3 meV,
still somewhat lower from the experimental estimate. It is therefore of interest to examine
the details of adsorption of He atoms in the groove positions, in particular the influence of
very specific geometry of the groove position (see Fig. 2) on the bound state energies of He
adsorbate.
The measurements of specific heat of He adsorbates in the nanotube samples could be
of help to resolve the adsorption site dilemma. In this respect, it should be of use to
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compare the theoretical predictions for the specific heat with the experimental data. The
theoretical prediction for the specific heat of low density (noninteracting) 4He gas adsorbed
in the interstitial channels has been presented in Ref. 12. In this article I shall consider the
adsorption of He atoms in the external grooves of nanotube bundle and calculate the specific
heat for the low-density gas of noninteracting He adsorbates.
The outline of the article is as follows. In Sec. 2, the interaction potential confining
the He adsorbate to the bundle external groove is discussed. In Sec. 3, I shortly present a
method of coupled channels which is used to solve the single-particle Schro¨dinger equation
in a potential of the groove. A short description of the application of the method to the
specific geometry of the groove is given. The energies of quantum states of the adsorbate are
calculated together with the corresponding wave functions. In Sec. 4, the quantum specific
heat of 4He atoms adsorbed in the groove positions is calculated. The results of the article
are summarized in Sec. 5.
2. ADSORPTION POTENTIAL FOR He ATOM ON THE OUTER SURFACE OF THE
BUNDLE
In Fig. 1, a bundle containing 37 nanotubes is sketched. The external groove and the
interstitial channel adsorption sites, together with the choice of the coordinate system are
denoted. This figure suggests that the total He-bundle interaction potential, Vt(x, y, z) can
be obtained as a sum of He-tube interactions, V (r− rn),
Vt(r) =
∑
n
V (r− rn), (1)
where r = (x, y, z) and rn are the radius vectors of He atom and the tube (labeled with index
n), respectively. The He-tube interaction potential can in principle be obtained as a sum
of effective He-C interactions6–9,12. The thus obtained He-tube potential would therefore
exhibit corrugation along the tube resulting from a discrete nature of the tube material. In
what follows, I shell neglect the corrugation of the He-tube potential. This approximation
effectively ”smears” the carbon atoms to obtain a homogeneous, smooth tube surface. The
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same approximation has been invoked in Refs. 7–9, but not in Ref. 12. I shall later discuss
the impact of this assumption on final results.
It has been shown in Ref. 9 that in the approximation of a smooth nanotube, the He-
single wall nanotube potential can be represented as
V (ρ) = 3πθǫσ2
[
21
32
(
σ
R
)10
η11M11(η)−
(
σ
R
)4
η5M5(η)
]
, (2)
where ǫ and σ are the energy and range parameter of the effective He-C interaction assumed
to be of a Lennard-Jones form. Variable ρ is the distance of the He atom from the tube axis,
θ is the effective coverage of C atoms on a tube surface (0.38 1/A˚2), R is the tube radius
and variable η is defined as η = R/ρ when ρ > R, which is a case of interest to this work.
Function Mn(η) is defined as
Mn(η) =
∫ pi
0
dφ
(1 + η2 − 2η cos φ)n/2 . (3)
If the bundle is very large, the potential for He atom on the surface of the bundle is almost
periodic in x-direction (Fig. 1), due to the fact that there is a large number of tubes forming
a ”flat” side of the bundle (the tubes denoted by thick line circles in Fig. 1). This suggests
that we can write the total He-bundle potential as a Fourier series,
Vt(r) =
∑
G
VG(z) exp(iGx), (4)
where G = 2nπ/a, n is integer, and a is the distance between the two neighboring tube axes
as denoted in Fig. 1. Note that the total potential does not show dependence on y-coordinate
due to the fact that the tube discrete nature has been neglected. By using Eq. (1) in (4),
and neglecting interactions of He atom with all tubes lying below the bundle side (which
are vanishingly small due to a large diameter of carbon nanotubes), it is straightforward to
show that the Fourier components of the total potential, VG(z), are given as
VG(z) =
2
a
∫
∞
0
V (
√
x2 + z2) cos(Gx)dx. (5)
The total potential obtained from Eqs. (4) and (5) exhibits complete two dimensional
periodicity, i.e., it represents an infinitely long bundle side, as suggested by the dashed
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circles in Fig. 1. It is clear that the assumed periodicity of the bundle side has no effect on
the bound state energy at all, since it is determined only by the two tubes surrounding a
groove. Even for higher bound states, the assumption of the potential periodicity does not
affect the eigen energies. This is again due to large diameter of carbon nanotubes.
In what follows, I shall concentrate on (10,10) single wall nanotubes of the so-called
”armchair” type13. The parameters of effective Lennard-Jones He-C site potential I use
are ǫ = 1.45 meV and σ = 2.98 A˚. These parameters were obtained from the so-called
combination rules16 and were also used in Ref. 8. The He-tube potential obtained from Eq.
(2) using the tube radius of R = 6.9 A˚ has a well depth of -15.64 meV, and its minimum
is positioned at ρ =9.85 A˚. The total potential [Eq. (1)] is plotted in Fig. 2 within the
unit cell of the infinite bundle side. The size of the unit cell is a = 2R + 3.2 A˚= 17 A˚, in
agreement with experimentally determined tube-tube separation14.
The expression for the He-tube potential in Eq. (2) is not convenient to calculate the
Fourier transforms in Eq. (5) in analytic fashion. In this respect, I have found that the
potential in Eq. (2) can be represented with excellent accuracy in the whole region of ρ
coordinate where the potential is smaller than ∼ 400 meV as
V (ρ) = A1 exp[−β1(ρ− ρ0)]− A2 exp[−β2(ρ− ρ0)], (6)
with a set of parameters A1 = 3.4 meV, A2=18.81 meV, β1=5.22 1/A˚, β2=0.892 1/A˚, and
ρ0=9.85 A˚. Note that ρ0 is not an independent parameter of this potential. It was introduced
simply to scale the values of A1 and A2 parameters to an acceptable range. In our choice of
coordinate system, ρ =
√
x2 + z2. The functional form of the He-tube potential in Eq. (6)
results in analytic expressions for the Fourier components,
VG(z) =
2
a

A1 exp(β1r0) β1z√
G2 + β21
K1(z
√
G2 + β21)
− A2 exp(β2r0) β2z√
G2 + β22
K1(z
√
G2 + β22)

 , (7)
where K1 is the modified Bessel function of first order
15. Note that the problem of He
adsorption in external grooves has been effectively reduced to the problem of He adsorption
on a very corrugated surface made of carbon nanotubes. This enables us to use the techniques
developed to treat the problem of adsorption on surfaces16.
3. SOLUTION OF THE SCHRO¨DINGER EQUATION IN THE POTENTIAL OF THE
GROOVE
The single-particle Schro¨dinger equation for a He atom in the groove potential can be
written as
− h¯
2
2M
∇2Ψ(r) + Vt(r)Ψ(r) = Eψ(r), (8)
where Ψ(r) is the wave function of the adsorbate, M and E are its mass and energy, respec-
tively. The symmetry of the potential suggests that one can write the wave function in a
form
Ψ(r) = exp(iKyy)
∑
G
ξG(z) exp[i(Kx +G)x], (9)
where the two-dimensional adsorbate wave vector in the (x, y) plane is denoted by K =
(Kx, Ky). Substituting Eqs. (9) and (4) in Eq. (8) one obtains a set of coupled linear
differential equations for functions ξG(z),
(
d2
dz2
+ k2G
)
ξG(z)− 2M
h¯2
∑
G′
VG−G′(z)ξG′(z) = 0. (10)
Here,
k2G =
2ME
h¯2
−K2y − (Kx +G)2. (11)
The set of equations (10) typically occurs in scattering problems17–20 where the equations
(the so-called coupled channel equations20) are to be solved with a requirement that ξG(z)
functions reduce to asymptotic scattering solutions in the region where the interaction van-
ishes. In our case, we are interested in states which vanish in the region where the potential
has extremely large values and also in the region where the potential itself vanishes (bound
states). To solve these equations for bound states, I adopt the procedure described in Ref.
6
17. Basically, one numerically propagates the matrix of ξG(z) functions, (the log-derivative
method of Johnson18 is used for the propagation), from the region of large and small z
coordinate and requires that the matrix of solutions matches smoothly at some predefined
coordinate zfix. By systematically varying energy E for fixed Kx, it is possible to determine
all the bound state energies of the system17. Varying additionaly the value of Kx, one can
obtain the whole energy spectrum of the adsorbate. In a log-derivative scheme for solv-
ing these equations, one actually does not propagate the wave functions (ξG(z)) and their
derivatives with respect to z coordinate (ξ′G(z)), but a combination of type ξ
′
G(z)/ξG(z)
20,17,
the so-called log-derivative matrix. In this way one avoids problems associated with the
propagation of solutions in classically highly forbidden regions20,17, which is very important
in our case since the region of the groove is surrounded with highly repulsive, classically
forbidden regions (see Fig. 2). The details of this procedure for the geometry of interest
here have been developed in Ref. 19. It should be noted that the procedure used here to
solve the Schro¨dinger equation is not the same as the one presented in Ref. 12 and used
for a potential of the interstitial channel. In the case of the interstitial channel potential, a
much simpler scheme for the calculation of bound states was used, due to the fact that the
potential in that case has much higher symmetry12.
The total energy of the adsorbate can be written as
E =
h¯2K2y
2M
+ Em(Kx, Ky = 0), (12)
so that it is sufficient to consider only Ky = 0 case in solving the equations (10). The index
m represents the adsorbate ”bands” obtained as solutions of Eqs. (10) with Ky = 0.
It can be shown that the density of adsorbate bound states can be written as
ρ2D(E) =
√
2M
h¯2
2LxLy
(2π)2
∑
m
∫ pi/a
0
dKx
Θ[E − Em(Kx, Ky = 0)]√
E − Em(Kx, Ky = 0)
, (13)
where Lx and Ly are the dimensions of the normalization box in x and y directions, re-
spectively, and Θ is the Heaviside step function. Assuming that the solutions do not show
appreciable dispersion with Kx, i.e. that Em(Kx, Ky = 0) ≈ Em(Kx = 0, Ky = 0) = Em, for
the density of states one can write
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ρ2D(E) =
√
2M
h¯2
Nx
Ly
2π
∑
m
Θ(E − Em)√
E − Em
, (14)
where Nx is the number of tubes in the bundle side. Equation (14) is obviously a simple
sum of effectively one-dimensional densities of states for a single groove, reflecting a situation
where the adsorbate atom is strongly localized in a particular groove region. It is therefore
natural in this case to define a density of states per unit length for a single groove as
g(E) =
1
LyNx
ρ2D(E). (15)
The potential in Fig. 2 cannot be accurately represented with small number of Fourier
components. This is due to the fact that the groove region is very small on the scale of lattice
constant, a. For example, the equipotential contour of -30 meV has a mean radius of about
0.2 A˚. I have found that about 77 Fourier components with G = ±n2π/a, n = 0, 1, ..., 38
are needed to represent the total potential with an excellent accuracy in the whole region of
importance.
In Fig. 3 a), the energy bands of a 4He adsorbate are plotted. Note that the ”bands”
up until ∼ -11 meV are indeed nearly dispersionless, so that approximation for the density
of states in Eq. (14) holds with great accuracy in that interval of energies. In Fig. 3
b) the density of states obtained from Eq. (15) is plotted (the details of band dispersion
are included, i.e. Eq. (15) in combination with Eq. (13) is used). As expected from the
geometry of the groove, the phase space is much larger for higher He energies which is clear
from the increase of the density of states at about -10 meV, an effect that is evident in
Fig. 3 b). For higher energies, the adsorbate becomes less confined to the groove region
and the energy levels become denser. The actual magnitude of the density of states per
unit length of a groove should be compared with the one obtained in Ref. 12 (Fig.2 of that
reference) for He adsorbed in an interstitial channel. From this comparison, it is evident
that the He atom is significantly less confined in a groove region than in the interstitial
channel region. This was of course expected prior to any calculations. It is also visible in
Fig. 3 that the typical elements of the band structure calculations appear for bound state
8
energies higher than ∼ -11 meV, where the bands acquire dispersion, which means that the
probability of finding the adsorbate in the region of a neighboring groove rises for these
energies. It is also interesting to note that the density of states becomes nearly constant (as
a function of energy) for energies between about -11 meV and -8 meV, which is typical for
the adsorbates nearly free in two dimensions16. Thus, a transition from the effectively one-
dimensional adsorbate for low energies to effectively two-and-more-dimensional adsorbate
for higher energies, is evident in the density of states.
Although the effects discussed in a previous paragraph can be traced in the adsorbate
density of states, it would certainly be of use to visualize the wave functions of the adsorbate.
The log-derivative method can be used to yield a precise information on the wave function17.
In Figs. 4 and 5, we plot the probability densities of the states denoted by letters from A
to H in Fig. 3. The probability density, Pm(x, z;Kx), for a quantum state in a band m,
characterised additionally with a wave vector K = (Kx, Ky) is defined as
Pm(x, z;Kx) = |Ψm(x, y, z;Kx)|2, (16)
and the wave functions are normalized according to
∫ a
0
dx
∫
∞
0
dz|Ψm(x, y, z;Kx)|2 = 1. (17)
Note that the probability density does not depend on y-coordinate and y-component of the
wave vector.
From Fig. 4 it can be seen that the higher energy states become more delocalized in x,
but most notably in z-direction, i.e. the probability of finding an adsorbate atom in a region
of large z-coordinate rises with bound state energy. The dashed lines in Figs. 4 and 5 denote
the 100 meV equipotential contour of He-bundle interaction (see Fig. 2). It is interesting to
note that for states G and H (two lower panels of Fig. 5), the probability density function
becomes significantly delocalized over the whole surface of the bundle. This reflects a highly
delocalized adsorbate which is not strongly confined to the groove region.
Occupation of the positions on the bundle surface and away from the restricted region
of the groove as a function of gas pressure has been predicted in Ref. 21 for Ar adsorbates.
9
In that case, as the gas pressure rises, the coverage of the adsorbed gas increases in almost
discrete steps and the bundle surface eventually becomes covered by a striped monolayer
film. Upon further increase in pressure, a bilayer adsorbate film forms. It should be em-
phasized that the change of effective adsorbate dimensionality observed in this article is a
quantum effect related to a change of behavior of the single particle wave function as the
adsorbate bound state energy increases. Thus, this effect is most easily observed as the
sample temperature increases and the occupation of excited bound states becomes proba-
ble. Similar effect has been predicted for quantum gases adsorbed inside single-wall carbon
nanotubes.9,22 In that case, thermal excitation of the azimuthal modes9 causes transition
from 1D to 2D behavior of adsorbates.
The ground state energy of 4He atom in a groove is EΓ = -22.7 meV, in fair agreement
with an experimental estimate2,3 (-19.8 ± 1.5 meV), and significantly higher from the ground
state energy of 4He atom in an interstitial channel (-27.9 meV)12. It is of interest now to
examine the effect of the details of the potential on the lowest bound state energy. In this
respect, for the effective He-C site potential, we adopt a slightly different set of parameters,
used in Ref. 12 and obtained from the analysis of data on helium atom scattering from
graphite23 (ǫ=1.34 meV and σ = 2.75 A˚). This set of parameters results in the ground state
energy of -17.1 meV, which is in somewhat better agreement with the experimental estimate.
Interestingly enough, relatively small change in the He-C binary potential parameters results
in a large change of ground state energy. This is due to a pronounced sensitivity of the shape
and magnitude of the total potential in the region where the ground state is localized (see
panel A of Fig. 4) on the details of the binary potential. It is reasonable to expect that
a more refined He-tube potential would yield a better agreement with the experimental
estimate. It is also possible that an inclusion of corrugation in the potential along the y-
direction would produce a somewhat lower ground state energy, as has been observed for He
adsorption on graphite surface24.
4. SPECIFIC HEAT OF 4He ATOMS ADSORBED IN THE EXTERNAL GROOVES
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As shown in Ref. 12, the isosteric specific heat C/N of low-density, noninteracting ad-
sorbate gas, significantly delocalized in one dimension (y-coordinate in our case), can be
obtained from
C
N
= Ly
kB
(kBT )2
I2 − I21/I0
N
, (18)
whereN is the number of the adsorbate atoms within a single external groove, T is the sample
temperature, kB is the Boltzmann constant, and the integral quantities Ij are defined as
Ij =
∫
∞
EΓ
g(E)Ej exp
[
E − µ(T )
kBT
]
f 2(E, T )dE, j = 0, 1, 2. (19)
Here EΓ is the lowest allowed adsorbate energy (point A in Fig. 3), µ(T ) is the chem-
ical potential of the system obtained from the requirement of the adsorbate number
conservation12,24, and f(E, T ) is the Bose-Einstein distribution function
f(E, T ) =
1
exp
(
E−µ
kBT
)
− 1
. (20)
The same equations appropriate for adsorption on surfaces have been derived in Ref. 24.
Note that when Eq. (15) in combination with Eq. (13) is used, Eq. (18) correctly accounts
for the delocalization of the adsorbate in x-direction.
The present approach does not treat He-He interactions. Our results are therefore not
applicable to the whole range of temperatures and He atom concentrations. For temperatures
not so low and concentrations not so high that the He-He interactions dominate the specific
heat, this approach should yield accurate results. A virial expansion approach to treat the
He-He interactions for He atoms adsorbed on graphite surface has been described in Ref.
25.
Fig. 6 shows the results for the isosteric specific heat of the adsorbate gas as a function
of sample temperature and for three different linear densities (N/Ly) of adsorbates along the
groove. All three curves in Fig. 4 are very similar to each other but very different from the
corresponding curves when 4He atoms are assumed to occupy interstitial channel positions
(Figs. 3 and 4 of Ref. 12). The difference is a consequence of the fact that the He adsorbate
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in a groove becomes effectively two-dimensional for lower sample temperature due to the fact
that it is less efficiently confined than in the case of adsorption in interstitial channel. The
observed difference also suggests that the measurements of the specific heat of the low density
He gas adsorbed in nanotube samples could be used to determine the relevant He adsorption
sites. The results for the specific heat are expected to be less sensitive to the corrugation
of the potential than in the case of the interstitial channel adsorption12. This is simply due
to the fact that the adsorbate is not completely surrounded by nanotubes. Therefore, the
adsorbate wave functions ”sample” the corrugation in a smaller region of space, particularly
for higher energy states which are more extended in z-direction. This is very different from
the corresponding effect when the adsorbate is localized in the interstitial channel region. In
that case, the higher energy states are more strongly influenced by the corrugation due to
the fact that their delocalization in the region of the channel cross-section induces a larger
overlap of the wave function with the corrugated part of the confining potential.
5. SUMMARY
Ground state energy of 4He atom adsorbed in the external groove position has been
calculated and found to be in fair agreement with the experimentally determined energy.
All the excited states of the adsorbate and the corresponding density of states have been
calculated from our approach. From these calculated quantities, we calculated the specific
heat of the adsorbate gas in the approximation of the noninteracting adsorbates, applicable
to low adsorbate densities. The dependence of specific heat on temperature of the sample is
markedly different from the corresponding dependence when the adsorbates are assumed to
be in the interstitial channels12, which is due to less efficient confinement of the adsorbate
in the groove region. The measurements of the specific heat may thus provide an addi-
tional argument in favor of the assignment of the external groove position as a preferential
adsorption site for He atoms in the experiments performed in Refs. 1–3.
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FIGURES
FIG. 1. Geometry of the bundle of carbon nanotubes with designations of the external groove
and interstitial channel adsorption sites and a choice of coordinate system.
FIG. 2. The interaction potential (in meV) for He adsorbate in the external groove region.
The centers of the two tubes surrounding the groove are positioned at x = 0.0 A˚, z = 0.0 A˚ and
x = 17.0 A˚, z = 0.0 A˚.
FIG. 3. a) Energy bands for 4He adsorbate in an external groove of a bundle consisting of
(10,10) nanotubes. The empty circles represent the actually calculated points. The lowest energy
band and the band connecting G and H states have been drawn (full lines). b) The corresponding
density of states calculated from Eqs. (15) and (13).
FIG. 4. The probability density functions of the states denoted by A,B,C and D in Fig. 3. The
dashed lines represent the 100 meV equipotential contour of the He-bundle potential.
FIG. 5. The probability density functions of the states denoted by E,F,G and H in Fig. 3. The
dashed lines represent the 100 meV equipotential contour of the He-bundle potential. Note the
different scales of x and z axes in upper and lower panels.
FIG. 6. Isosteric specific heat of a noninteracting gas of 4He atoms adsorbed in external groove
positions for three different adsorbate linear densities. Dash-dotted line: N/Ly =0.033 1/A˚, Full
line: N/Ly =0.05 1/A˚, Dashed line N/Ly =0.1 1/A˚.
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